We study the famous example of weakly first order phase transitions in the 1+1D quantum Qstate Potts model at Q > 4. We numerically show that these weakly first order transitions have approximately conformal invariance. Specifically, we find entanglement entropy on considerably large system sizes fits perfectly with the universal scaling law of this quantity in the conformal field theories (CFTs). This supports that the weakly first order transitions is proximate to complex fixed points, which are described by recent conjectured complex CFTs. Moreover, the central charge extracted from this fitting is close to the real part of the complex central charge of these complex CFTs. We also study the conformal towers and the drifting behaviors of these conformal data (e.g., central charge and scaling dimensions).
Introduction -The study of phase transitions in strongly correlated systems is constantly contributing to the discovery of new physics [1, 2] . The most studied examples are continuous phase transitions since they have scale invariance indicating universal scaling behaviors [1] . They also correspond to renormalization group (RG) fixed points (FP) described by conformal field theories (CFTs) [3] , if there is Lorentz invariance. On the contrary, there are conceptually distinct first order phase transitions [4, 5] whose importance are significantly overlooked due to the lack of universal behavior. But it is time to end this situation because a new physical mechanism is discovered for a certain type of weakly first order phase transitions, whose weakness can be attributed to the existence of nearby complex fixed points (cFP) [6] [7] [8] [9] .
One famous example of weakly first order phase transition occurs in a 2D statistical mechanical model called the Q-state Potts model [10] with Q = 5. Equivalently, we can define a quantum Potts chain ( Fig. 1(a) ) with Hamiltonian
At each site, there are Q possible spin states denoted as |m i , where m i = 0, . . . , Q − 1. Then, we have Ω i |m i = |(m i + 1) mod Q and M i |m i = e i2πmi/Q |m i . Clearly for Q = 2, this model reduces to the transverse field Ising model. For any integer Q, the model has two possible phases: 1) an ordered phase spontaneously breaking the S Q symmetry at J > h; 2) a disordered phase at J < h. The Hamiltonian is self-dual at the transition point J = h, where the transition is continuous for Q ≤ 4 and is of first order for Q > 4. At Q = 5, the phase transition exhibits extremely weakly first order behavior, namely it has a huge correlation length [11, 12] even beyond computing power [13] . Surprisingly, this weakly first order transition results from a completely new physics as discussed in Ref. [7, 9] .
If we generalize the Q-state quantum Potts model by including perturbations of symmetry allowed singlet operators [10] , then the changeover from continuous to first order transition of the original model can be understood through RG equation of couplings of low-lying singlets. Enforcing self-duality, the coupling of first relevant singlet ε, i.e., tuning operator for the order-disorder transition, is set to be zero. Now we consider the RG equation for the coupling λ of the subleading singlet operator, ε [14] :
where a > 0 is a real constant. When Q < 4, there are two real fixed points (rFP) corresponding to a critical point (attractive) and a tricritical point (repulsive) at real λ, as shown in Fig. 1(b) . The critical point corresponds to the continuous transition between ordered and disordered phases in the original Potts model. The two rFPs collide at Q = 4 and disappear when Q > 4. But if we extend λ to be a complex coupling, there are two cFPs [7] at λ ± = ±i a|Q − 4| when Q > 4. The creation of cFPs by the collision of two rFPs is illustrated in Fig. 1(c) . Although without encountering any rFP, the RG flow of the real coupling λ between two cFPs is extremely slow for small Q − 4, leading to a weakly arXiv:1811.11189v2 [cond-mat.str-el] 3 Dec 2018
first order phase transition with approximate conformality [8, 9] . Therefore, the weakness of this first order phase transition can be attributed to the existence of cFPs and it does not rely on any fine tuning of the physical couplings or interactions.
More appealingly, it was proposed that the cFPs are described by complex CFTs [8, 9] . They are non-unitary CFTs with complex central charges and scaling dimensions, in contrast to other known non-unitary CFTs, e.g., Lee-Yang singularity [15, 16] and percolation problem [17, 18] , whose conformal data are all real. We note that, cFPs and complex scaling dimensions have been noticed and discussed in other quantum field theories for a decade [6, [19] [20] [21] [22] [23] [24] [25] . The complex conformal data of Q > 4 Potts model can be obtained by the analytically continued partition function of Coulomb gas, an alternative description of the generalized Potts model [26] . As elaborated before, the subleading singlet operator ε plays an important role in the appearance of the cFPs. When Q < 4, ε is irrelevant at the critical point, but relevant at the tricritical point. At Q = 4, the two FPs coincide, and ε is exactly marginal. When Q > 4, the two FPs becomes complex, yielding complex scaling dimensions ∆ ε for ε . Interestingly, we find that ∆ ε still has modulus exactly equal to 2, i.e.
(Re∆ ε ) 2 + (Im∆ ε ) 2 = 2 (see supplementary materials [27] ). It might be a coincidence, or it corresponds to certain type of marginality in the complex CFTs of Q > 4 Potts model that could hold for other complex CFTs.
A natural question arising from this novel proposal of complex CFTs is whether we can observe the approximate conformality in the weakly first order transition point of the Q > 4 Potts model. In this letter, we give a definite answer to this question. We numerically calculate the entanglement entropy (EE) at the weakly first order transition point, and we find it scales perfectly with the scaling formula of a true CFT [28, 29] . Accordingly, we read off the central charge and find its value is close to the real part of complex central charge of the conjectured complex CFTs [9] . However, the conformal invariance is only approximate, as the central charge is drifting with the system size. We study this drift behavior in detail and find it is consistent with our theoretical expectation. We also study the conformal tower at the transition point as well as their drift behavior. Our discussion of quantum Potts model may also have interesting implications beyond previous discussions of classical Potts model [9] .
Central charge c.-It is well known that the EE of a CFT follows a universal scaling depending on the CFT's central charge [28, 29] . Specifically, we consider A-B bi-partition on a length-L periodic chain (shown in Fig. 1(a) ), and calculate EE as S = Trρ A log ρ A through the reduced density matrix ρ A = Tr B (|ψ ψ|) of ground state |ψ . For a CFT, EE scales universally with the subsystem size (X),
with c being the central charge. Table I .
Numerically, we use density matrix renormalization group (DMRG) [30] to calculate the Q-state Potts model on a periodic chain. Fig. 2 plots the EE as functions of X for Q = 3, 4, 5, 6, 7, which are fitted with Eq. (3). For all the Qs we consider, the EE fits almost perfectly with the CFT's entropy formula. Indeed, from these numerical data, it is hard to tell the difference between the continuous transition at Q ≤ 4 and the weakly first order transition at Q > 4. This strongly suggests that, even though being first order phase transitions at Q > 4, they still have approximate conformality.
The fitted central charge c is summarized in Table I . For Q = 3 and Q = 4, we get central charge c = 4/5 and c = 1 as expected for the corresponding CFTs, namely the M 6,5 minimal model [3] and the Z 2 orbifold of the U (1) 8 CFT (equivalently the D 2 orbifold of the SU (2) 1 CFT) [31] . For Q > 4, c from the EE fitting is close to the real part of complex central charge Re(c exact ) of the proposed complex CFTs which has Q dependence as [9, 26] 
The exact values for particular Qs are listed in Table I . As system size increases, we find c approaches to Re(c exact ) for Q = 5. On the other hand, when Q = 6 or Q = 7, c deviates from Re(c exact ) as system size increases. This means the central charge c drifts as a function of length scale. Thus, the approximately conformal invariance doesn't give a size independent central charge, instead it follows a universal drift behavior, which can be understood analytically [9] . It can also be regarded as a particular type of finite size effect. Below, we will study this drift behavior in more detail. Central charge drift.-We start with the celebrated c-theorem [32] , which states how central charge changes with the RG coupling,
Here λ is a coupling constant which runs under RG flow (changing of system size L). In the UV (i.e., small system size), the measured central charge c [λ(L)] has a strong size dependence. As the FP (at λ c ) is approached, we will have
Together with Eq. (2) and Eq. (5), we are able to obtain the drift behavior of central charge c drift (L) as a function of length scale L:
where L is the length scale, which is the system size in our discussion. L 0 is a length scale where λ(L 0 ) = 0. This formula applies when the correction to c R is small, approximately 1/10 L/L 0 10, namely the RG flow is close to the cFPs. This form of drift is quite generic [9, 19, 33] Numerically, we obtain the central charges at Q = 3, 4, 5, 6, 7 for different system sizes. These data are shown as circles in Fig. 3 . The central charges of different system sizes L can be fitted with the drift formula in Eq. (6), with all the parameters c R , a, b, and L 0 to be fitted. In comparison, we also fit the data with a polyno- 
The central charge at transition point for Q = 3, 5, 6, 7 as a function of system size is fitted with formula in Eq. (6). As a comparison, it is also fitted with usual polynomial of 1/L.
In Fig. 3(a) , the polynomial fits the data of Q = 3 pretty well, agrees with the fact that the system flows into a CFT. One may note that Eq. (6) also fits the data well. However, the fitting coefficient a is extremely small and L 0 is extremely large, resulting in approximate power law behavior. Similar behavior is also observed for Q = 4, but with a stronger finite size effect [27] .
On the contrary, when Q > 4, the drift formula Eq. (6) fits much better than the polynomial one, as shown in Fig. 3(b)-(d) . This means central charge obeys the drift behavior described by Eq. (6). c R obtained by this fitting is close to the theoretical value, but α is a few times larger than our one-loop calculation. Moreover, γ decreases as Q goes up, distinct from theoretical expectation. This discrepancy may be due to scale-dependent deviations from (space-time) rotational invariance, parametrized by 'running of the speed of light', in a quantum phase transition [9] . Nevertheless, as Q increases from 5 to 7, α increases gradually, indicating the drift effect is getting stronger. This is consistent with another observation that L 0 decrease as Q increases. They provide supportive evidence for the fact that the cFPs are moving further away from the real coupling λ as Q increases. This naturally leads to a faster RG flow and hence a stronger violation of conformal invariance at larger Q.
Conformal tower: Next, we numerically extract the conformal tower (i.e., scaling dimensions of operators) of the Potts chain at the phase transition point. As is well known, the conformal tower can be obtained via the state-operator correspondence of radial quantization of 1 + 1D CFTs on a S 1 × R manifold. For example, one can interpret S 1 as the space dimension, R as the imaginary time dimension. Then the energies of excited states (scaled with system size) of corresponding quantum Hamiltonian H CFT are nothing but the scaling dimensions of CFT operators (Eq. (7) below) [34] [35] [36] [37] .
Alternatively, one can do a space-time rotation and consider a thermal partition function of e −βHCFT at a finite temperature β = 1/T (S 1 , equivalently imaginary time) and infinite size in the spatial direction (R). The energy of eigenstates E φ,n can be calculated as the inverse of the temporal correlation length which is encoded in the eigenvalues of the temporal transfer matrix [38, 39] . The transfer matrix is defined in terms of temporal matrix product state as shown in Fig. 4(a) . Then, we have
for primary operator φ at level n, where v is a nonuniversal velocity which might have size dependence on β but is independent of φ and n. ∆ φ,n is its scaling dimension. n = 0 indicates descendants of φ. The identity operator φ = 1 corresponds to the ground state with E 1,0 = 0. We note that β defines the effective length scale in this scheme. The conformal tower of Q = 2, 3 have been studied before (e.g., see Refs. [36, 37, 40] ). Here, we focus on the conformal tower of the 5-state Potts model. Since v is unknown, we use the lowest level E σ,0 as a reference, where σ is the lowest primary operator in the vector representation of S Q symmetry. Specifically, we set ∆ σ,0 equal to the real part of its theoretical value of the proposed complex CFTs. In this way, v can be obtained and the whole spectrum can be rescaled by this v. Fig. 4(b) shows the conformal tower, it includes numerical data at β = 40 (blue lines) and the theoretical values (crosses). They match well at lower levels, while there is an obvious deviation for higher levels.
Furthermore, we plot the drift behavior of scaling dimensions [9, 13] . Since the velocity v will also drift, we then consider the quantity E ε,0 /E σ,0 = ∆ ε /∆ σ with ε being the lowest singlet operator (i.e., the second excited state). As shown in Fig. 4(c) , this quantity drifts significantly as the system size (β) changes.
Summary and Discussion: In this work, we studied the weakly first order phase transitions in the Q-state quantum Potts chain with Q > 4. Based on the EE and conformal tower, we provided strong numerical evidence that these weakly first order transitions have approximate conformality, which originates from the proximity to the nearby cFPs [7] [8] [9] . Particularly, we found EE perfectly follows the same universal scaling law of CFTs and the central charge extracted from it is close to the real part of the central charge of the proposed complex CFTs. We further discussed how these conformal data (i.e., central charge, scaling dimensions) drift with system size, which agrees with our theoretical expectation.
Our current study supports the theoretical proposal of cFPs/complex CFTs in Q > 4 Potts model, and particularly, we show that this picture is also valid in the quantum phase transition rather than the classical phase transition discussed in Ref. [9] . Moreover, the validity of approximate conformality in Q > 4 quantum Potts model naturally leads to questions regarding its finite temperature physics. Once temperature T is higher than the tiny gap of weakly first order transition, the system may enter into the quantum critical fan controlled by the cFPs. It will be interesting to understand if the quantum critical fan of such weakly first order transition is different from these of conventional continuous quantum phase transitions [2] . Finally, we remark that the cFP may also exist in other systems, particularly in higher dimensions. One possible candidate is the deconfined phase transition between Néel state and valence bond solid in 2 + 1 dimensions [7, 41, 42] , in which the drift of critical exponents was also observed numerically (e.g., see [43] [44] [45] [46] [47] [48] [49] ). We hope our current numerical study may help to resolve this long-standing puzzle.
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I. DERIVATION OF CENTRAL CHARGE DRIFT IN EQ. (6)
The basic idea of this derivation is to combine the c-theorem and the RG flow of physical couplings.
As discussed in Ref. [9] , the physics of two cFPs as well as the nearby real axis is captured by the RG equation in Eq. (2) . Specifically, this equation, together with the c-theorem in Eq. (5), gives us the central charge depending on λ:
At the FP (λ = λ * ), the central charge of corresponding (complex) CFT is
When Q > 4, λ * is pure imaginary. c 0 is thus the real part of the central charge c R at the cFP. Furthermore, from Eq. (2), we can obtain the length scale dependent coupling λ when Q > 4:
where a = 1/π 2 for the Potts model and L 0 is the length scale at which λ = 0. Finally, we can get the length scale dependent central charge:
when λ 1. This is the Eq. (6) in the main text.
II. CENTRAL CHARGE AT Q = 4
Here we discuss central charge's dependence on system size L for a true CFT at Q = 4. In this case, the two rFPs collide and there is an marginal operator ε [31] . This leads to severe finite size effect. As shown in Fig. 5 , different from the Q = 3 case, the power law does not fit well. As a comparison, we also fit the central charge using the drift formula Eq. (6). We also remark that central charge's size dependence is much smaller than the Q = 5, 6, 7 Potts model.
III. CONFORMAL TOWER
Firstly, we would like to mention that the scaling dimension of operator ε at general Q ≥ 4 is
where cos
2 . One can directly verifies the complex scaling dimension of ε has modulus 2 for general Q ≥ 4.
Next, we would like to present the numerical data of conformal tower at the transition point of the Potts chain. The results for Q = 3, 4 are shown in Fig. 6 . The states/operators are classified by the physical symmetry charge q. The energy spectrums are rescaled regarding the lowest scaling dimension ∆ σ,0 as a reference. At Q = 3, this rescaling leads to the conformal tower that perfectly matches theoretical values. However, when Q = 4, only lower levels match well due to the strong finite size effect caused by the marginal operator.
The sound velocity can be obtained by v = β 2π
Eσ,0 ∆σ,0 . As shown in Fig. 7 , its dependence on β is negligible when Q = 3, 4. We can then estimate v = 0.398435 for Q = 3 and v = 0.441824 for Q = 4. These values are different from previous studies due to the different algorithm used here. Then, we give more numerical study for Q > 4 Potts model. At Q = 6, we also obtain the conformal tower by the rescaling regarding σ as a reference, as shown in Fig. 8(a) . Similarly, the theoretical values and numerical data have larger mismatch for higher levels. To study the drift behavior, we still consider the ratio ∆ ε /∆ σ (shown in Fig. 8(b) ), which removes the dependence on velocity v. This drift at Q = 6 is more dramatic compared with the drift at Q = 5 we presented in the main context.
The drift of sound velocity v in this case can be also obtained by 
for Q = 5, 6, where a, b, d and β 0 are parameters to be fitted. As shown in Fig. 7 , the drift of v becomes severe for larger Q, just as the drift behavior of other quantities, e.g., c and ∆ ε /∆ σ .
